An Introduction to Indices and Roots
Worked Solutions

Each solution is written out using the method taught in the worked example that comes before the
question on the worksheet, and in the same steps.

-

An index tells us how many times a number is multiplied by itself. In 5% the number 5 is called
the base and the small raised number 3 is called the index, so 5% means 5 x 5 x 5. The plural
of index is indices. A root undoes an index.

L J

Notation: indices and roots

a>=axa “a squared” for example 72 =7 x 7 =49
ad=axaxa “a cubed” for example 23 =2x2x2=8
\/5 the square root of a for example 49 =7

\3/5 the cube root of a for example /8 =2

Part 1: Indices and roots of numbers

Q1. Work out each calculation and join it to its answer.

Worked solution. An index is worked out by writing the multiplication out in full. A root is
worked out by finding the number that gives the answer when it is multiplied by itself the right
number of times.

Number | Calculation Joins to
1 52=5x5=25 D
2 v/100 = 10, because 10 x 10 = 100 H
3 22 =2x2x2=8 B
4 0.22=10.2x0.2=0.04 F
5 V0.25 = 0.5, because 0.5 x 0.5 = 0.25 A
6 103 =10 x 10 x 10 = 1000 E
7 \3/§:2,because2><2><2:8 C
8 152 =15x15=1225 G

In numbers 4 and 8 the base is a decimal. We multiply the digits first and then count the decimal
places. For number 4 we have 2 x 2 = 4, and 0.2 has one decimal place and 0.2 has one decimal
place, so the answer has two decimal places, which gives 0.04. For number 8 we have 15 x 15 = 225,
and again there are two decimal places altogether, which gives 2.25.

The joins are 1-D, 2-H, 3-B, 4-F, 5-A, 6-E, 7-C and 8-G.
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Common mistake: reading the index as a multiplier

The index is not a second number to multiply by, so 5% is not 5 x 2 = 10. In 5% the index 2 says
how many 5s are multiplied together. In Q2 this mistake gives 6> = 12 m? and 4% = 12 cm?.
Counting the squares in each picture shows the difference.

® b5 x 2 =10 squares @ 52 =5 x 5 = 25 squares
5
2} B
5 5

Q2. Area, side, volume and edge.
Worked solution.

(a) The patio is a square with sides of length 6 m, so its area is the length of a side multiplied by
itself.
Area = 6% =6 x 6 = 36 m?

(b) The area of the second patio is 144 m?, so the length of a side is the number that gives 144
when it is multiplied by itself. That number is the square root of 144.

Side = v144 = 12 m, because 12 x 12 = 144

(¢) The box is a cube with edges of length 4 c¢m, so its volume is the length of an edge multiplied
by itself three times.
Volume =43 =4 x4 x 4 = 64 cm?®

(d) The volume of the second box is 125 cm?, so the length of an edge is the number that gives 125
when three of them are multiplied together. That number is the cube root of 125.

Edge = v/125 = 5 cm, because 5 X 5 x 5 =125

(e) The area of the floor tile is 0.25 m?, so the length of a side is the number that gives 0.25 when
it is multiplied by itself. That number is the square root of 0.25.

Side = v0.25 = 0.5 m, because 0.5 x 0.5 = 0.25

(f) The square numbers either side of 50 are 7> = 49 and 8% = 64. The area of 50 m? is between 49
and 64, so the length of a side is between V49 = 7 m and v/64 = 8 m.

=49 < 50 < 64 = &, so the side is between 7 m and 8 m.

Because 50 is much closer to 49 than to 64, the side is only a little more than 7 m. On a
calculator v/50 = 7.07... m, which checks the answer.



Common mistake: dividing by the index to find a root

A root undoes an index, but it does not divide by the index. The square root of 144 is not
144 + 2 = 72, and the cube root of 125 is not 125 + 3. A root asks which number, multiplied by
itself the right number of times, rebuilds the number we started with. An answer is checked by
multiplying it back: 72 x 72 = 5184, which is not 144, but 12 x 12 = 144.

square it: 3 X 3 cube it: 2 X 2 x 2
L9 )
. .- A .-
v/9: what, times itself, makes 9? {/8: what, three times, makes 87

Part 2: Indices and algebraic variables

Q3. Write each expression in index form.

Worked solution. We count how many times each algebraic variable appears in the numerator and
how many times it appears in the denominator, and we write each count as an index.

(a) The variable a appears 4 times, so a X a X a X a = a®.

(b) We use the three steps of the worked example.

Step 1 — count the numerator. c appears 3 times, so the numerator is c?.

Step 2 — count the denominator. d appears 2 times, so the denominator is d?.

cxexe

dxd &
(c) The variable b appears 5 times, so b X b X b X b X b = 1.

Step 3 — write the fraction.

(d) The number 3 multiplies the variable, so it is written in front, and m appears 2 times, which
gives 3 x m x m = 3m? (remember 3m? = 3 x m x m).

(e) The numerator has p appearing 3 times and the denominator has ¢ appearing 4 times, so
pxpxp _p’
gxgxgxq ¢

2x o Xxaxxxr 213
(f) The numerator is 2x x x z X x = 22 and the denominator is y x y = y* so —————— = .

Y Xy y?

(g) The numerator has two different variables in it, and each one is counted separately: a appears

2 times and b appears 3 times, so the numerator is a?b®>. The denominator is ¢?, which gives
axaxbxbxb_a2b3

= 5

cX¢C C

txt t?
(h) The numerator is ¢ x t = t? and the denominator is 5 x u X u X u = 5u3, 50 ————— = —.
SXuxuxu bud



Q4. Write each expression out in full as a multiplication.
Worked solution. The index tells us how many times the base is written down in the multiplication.

3

(a) 2° = x x & X x, which is given on the worksheet.

(b) The index is 5 and the base is y, s0 y°> =y X y X y X y X y.
(c) The index belongs to the ¢ only, and the 4 multiplies the whole of 2, so 41> = 4 x t x t.

2
m

=N XNXMN,80 — = ——"——.
n nxnxn

9 3 mXxXm

(d) The numerator is m* = m x m and the denominator is n

(e) The numerator is a* = a X a x a x a. The denominator is b, which has an index of 1 that is not

a* axaxaxa

written, so b appears once and — =

b b

Common mistake: counting the number in front as part of the index

In Q4(c) the index belongs to the ¢ only, so 4t> = 4 x t x t. It is not 4t x 4t. If t = 3 then
4t = 4 x 3 x 3 = 36, but 4t x 4t = 12 x 12 = 144. In the same way, in Q3(d) 3 x m x m is 3m?
and not m3, because the index counts only the factors that are m. Each factor below is one tile,
and the index counts only the tiles that hold the variable.

the 4 multiplies, it is not a ¢

v
oD

two ¢ tiles, so t2

‘4 H t H 4 H t ’ =4t x 4t = 162 ®

four tiles, so this is not 4t2

Part 3: Cancelling factors in a fraction

The numerator is the expression on the top of a fraction and the denominator is the expression
on the bottom. A factor that appears in both is divided out of both, which is called cancelling.

12
Worked example: simplify 18
12 2x2x3
Step 1 — write the numerator and the denominator as multiplications. ;8= 9x3x3
12 Zx2x3
Step 2 — t h factor that in both. — =
ep cross out each factor that appears in bo 18~ Fx3x3
] . 12 2
Step 3 — multiply what is left on the top and on the bottom. 8= 3




Common mistake: cancelling by column, or cancelling digits

Cancelling pairs one factor on the top with one factor on the bottom that has the same value,
whichever column each of them is in. The pairs are not found by lining the columns up, and one
factor cannot cancel two. Digits are not factors either: in 14/21 the two 1s cannot be crossed
out, because 14 =7 x 2 and 21 = 7 x 3, so the factor they share is 7.

numerator 12= 2 X 2 X '3 each arrow pairs one factor on the top with the one
¢ / factor on the bottom it is divided out with, whichever
denominator 18 = 2 X 3 x 3 column it is in. The dotted factors have no partner.

Q5. Simplify each fraction by cancelling.
Worked solution. Each numerator and each denominator is written as a multiplication of its factors
first, so that the factors they share can be seen and crossed out.

(a) 8=2x2x2and 12 =2 x 2 x 3, and the factors 2 and 2 appear in both.

8 _2><2><2_2><2><2_2
12 2x2x3 2x2x3 3

(b) 15 =5 x 3 and 25 = 5 x 5, and the factor 5 appears in both.
15 5x3 3x3 3
25 5x5 Bpx5 5
(c) 18 =2x3x 3 and 24 =2 x 3 x 2 x 2, and the factors 2 and 3 appear in both.

18  2x3x3 Z2x3x3 3
24 2%x3x2x2 Ix3Ix2x2 4

(d) 14 =7 x 2 and 21 = 7 x 3, and the factor 7 appears in both.
14 7Tx2 7x2 2

21 7x3 7x3 3

(e) 45 =5x%x3 x 3 and 60 =5 x 3 x 2 x 2, and the factors 5 and 3 appear in both.

4_5_ 5x3x3 Bx3x3 _§
60 H5x3x2x2 Bx3Ix2x2 4

(f) 24=2x2x2x3and 36 =2 x 2 x 3 x 3, and the factors 2, 2 and 3 appear in both.

24_2><2><2><3_2><2><2><3_2
36 2x2x3x3 Z2x2x3x3 3

12
(g) 12 of the 28 pupils walk, so the fraction of the class who walk is %" Here 12 = 2 x 2 x 3 and
28 =2 x 2 x 7, and the factors 2 and 2 appear in both.

12_2><2><3_Z><2><3_3

28 2x2x7 IxIxT 7T

45
(h) 45 g of the 120 g is sugar, so the fraction that is sugar is T20° Here 45 = 3 x 3 x 5 and
120 =2 x 2 x 2 x 3 x 5, and the factors 3 and 5 appear in both.

45 3x3x5 3XZXB 3 3

120 2x2x2x3x5 2x2x2x3xB 2x2x2 8




Q6. Simplify each fraction by cancelling, then write the answer in index form.

Worked solution. The numbers and the variables are cancelled separately. Where every factor
on the bottom is crossed out, the denominator is written as 1 before the fraction is written as its
numerator.

(a) Two of the four as on the top cancel with the two as on the bottom, and two as are left on the

top.
axaxaxa mXagxaxa axa _
axa B X 1
(b) Two of the five bs on the top cancel with the two bs on the bottom, and three bs are left on the
top.
bxbxbxbxb_hx%xbxbxb_bxbxb_w
bxb B B x b B 1 B
(c) One factor of 2 and one factor of m cancel.
2x2xmxm  ZIxX2xXmxm 2Xm
= — —2m

2xm  Zxm 1
(d) The factor 5 appears on the top and on the bottom, so it cancels, but the factor 3 appears on

the top only, so it stays. One factor of p cancels as well.

SXOXPXPpXp BXFXPXpXp 3IXpXp
5Xp N 3 x p - 1 N

3p?

(e) One factor of x and one factor of y cancel. Here a factor of y is left on the bottom, so the

denominator is y and not 1.
TXTXYy FXTXyYy T

a:xyxy_gfxyxy Y

(f) One factor of 3 and one factor of ¢ cancel, and a factor of 3 is left on the bottom.

2><3><t><t_2><3><i><t_2><t_2t
3x3xt  3Ix3xt 3 3

(g) Here 4 =2 x 2 and 6 = 2 x 3, so one factor of 2 cancels. One factor of x and one factor of y

cancel as well.
dxrxarxy IX2xxFxrXxXy 2xx 2

6Xrxyxy ZxX3Ixzxyxy 3xy 3y

(h) One factor of 5, one factor of a and one factor of b cancel. A factor of a is left on the bottom,
so the denominator is @ and not 1.
5x5xaxbxb JFx5xaxphxb 5xb 5b
Sxaxaxb  Bxaxaxh  a  a

(i) Model answer. Two factors of a cancel from the top and from the bottom. Every factor on

the top has cancelled, so the numerator is 1, and one factor of a is left on the bottom. Lena has

1
put the a that is left on the top instead of on the bottom. The correct answer is —.
a

aXxXaXa a X a X a

a X a axa 1
a

Also accepted. An answer that shows the mistake by substituting a number is also correct.

2x2 4 1 1
For example a = 2 gives ——— = — = —, which is — and not a.
2x2x2 8 2 a



Part 4: Simplifying fractions written with indices

Each power is written out in full as a multiplication, the factors that appear on the top and on the

bottom are cancelled, and what is left is written in index form.

Q7. Simplify each fraction and join it to its answer.

Worked solution.

1.

5

XX a X a X X a X
Two of the five as cancel, leaving three. a_2 _axaxaxaxa axaxa a®, which joins
a X @ 1
to D.
. Every factor on the top and on the bottom cancels, so the numerator is 1 and the denominator
2 X 1
is1. & AL 1, which joins to F.
a>  axa 1
6a* X 3 X @ X @ X a X
. Here 6 = 2 x 3, so a factor of 2 cancels as well as two of the as. 24 2 AXAXaX A
5 2a? 2 X a X a
X a X
# = 3a?, which joins to H.
_ a’b axaxaxhp axa 5 .
One factor of a and the single factor of b cancel. — = = = a*, which joins
ab a X b 1
to G.
. Here 4 =2 x 2 and 8 = 2 x 2 x 2, so two factors of 2 cancel and one factor of 2 is left on the
4a? x & X a X
bottom. % = Zxéx—‘;{x; = g, which joins to E.
2p3 XaxPxbxb bxb
. Both factors of a cancel, and one of the three bs cancels. U _ XA 4 = =12,
azb a X g X J 1
which joins to A.
10a® X 2 X @ X a X 2
Here 10 = 5x 2, so the factor 5 cancels and all three as cancel. @ _ P XXM 2 2,
5a3 B X X X @ 1
which joins to C.
6 XX aXaXax X a X ax
. Two of the six as cancel, leaving four. ¢ _axaxaxaxaxa axaxaxa a*, which
a? X 1
joins to B.

The joins are 1-D, 2-F, 3-H, 4-G, 5-E, 6-A, 7-C and 8-B.



Q8. Writing fractions that simplify to a given expression.

2a®  4a® 6a®
(a) Model answer. Three fractions that simplify to 2a* are i, Zi and 13. The second
a a

a
and the third both have a number other than 1 in the denominator. Each one is checked by

cancelling.
203 2xaxaxa 2Xaxa 92
= = = Za
a a 1
4a>  Ix2xaxaxa 2xXaxXa )
- = = =2a
2a 2 X a 1
6a° BZX2xaxaXxaxaxa 2xaXa 0,2
- = = = zQ
3a3 B X a X a X a 1

Also accepted. Any fraction whose numerator is its denominator multiplied by 2a? is correct,

10a* 2a* S8a? )

T2 2 or T One of the three fractions must have a number other than 1 in
a?’ a a

its denominator.

for example

2 3
(b) Model answer. One fraction that simplifies to > is A because one factor of a cancels from
a

the top and from the bottom.

a® axaxa a

ab a X b b

Also accepted. Any fraction whose numerator has exactly two more factors of a than its

denominator, and whose denominator has exactly one more factor of b than its numerator, is
£, as it is not - itself. Exampl b @ a2
correct, as long as it is not — itself. Examples are —, — and ——.
s b P 2 a2 a2l

1 z
(c) Model answer. One fraction that uses x, y and z and simplifies to — is ——. The factor 2
xy?  xy?z

cancels from the top and from the bottom, which leaves 1 on the top.

z F4 1

ny,z::Exyxyxz:wﬂ

Also accepted. Any fraction in which every factor on the top also appears on the bottom, and

2
xz z

the factors left on the bottom are one x and two ys, is correct. Examples are and v

12y22 Ty322

(d) Model answer. Ben has crossed out every factor correctly, but he has then written that
nothing is left. Cancelling divides the numerator and the denominator by the same factor, and
a factor divided by itself is 1, not 0. When every factor on the top cancels the numerator is

1, and when every factor on the bottom cancels the denominator is 1, so the correct answer is
1

-=1

1

3a° Fxaxa 1
- = * —=_ =1
362 FIxaxa 1

Also accepted. Any answer that says a number or a variable divided by itself is 1, and that

gives the correct answer of 1, is correct. An answer that checks the result by substituting a
3x2x2 12

m - E =1, is also correct.

number, for example a = 2 giving



Common mistake: a crossed-out factor leaves nothing

Crossing a factor out does not rub it off the page. A factor divided by itself is 1, so a crossed-out
factor leaves a 1 behind. It never leaves nothing, and it never leaves a 0.

1 1

12 Ix2x3 1x2x1 2 2 axa 1x1 1 X
_—1 o =] — — —2:1 1: = — =
18 %% % x 3 1x1x3 3 a Ny 1x1 1

0,7

Q9. A quicker way to simplify a fraction such as —.
a

(a) Worked solution. Each power is written out in full, and the factors that appear on the top
and on the bottom are cancelled.

7

a"  aXxaxaxaxaxaxa axaxaxXa 4
- = = =a
a3 XX @ 1
9
In the same way, four of the nine bs cancel, leaving five, so i b°. Five of the six cs cancel,

leaving one, so — =c¢ =c.
c

(b) Model answer. Subtract the index on the bottom from the index on the top, and keep the
7

a

-3 = Cl4.

cancels one factor on the top, so the number of factors left on the top is the index on the top

same base. For example 7 — 3 =4, so This works because each factor on the bottom

take away the index on the bottom.

Also accepted. Any answer that describes taking the index on the bottom away from the
index on the top is correct.

(c) Worked solution.

%0 20—13 7 y' % 100—99 1
= - = X —_— - = =
213 4% Yy by =Y
3
a f
(d) Worked solution. The quicker way gives — = a°~® = a”. Cancelling gives
a

ad  axaxa 1

— —
ad  axaxa 1

Both ways simplify the same fraction, so they must give the same answer. This suggests that
0
a =1.



Part 5: Extension: factorials, negative numbers and the fourth dimension

The factorial n! means multiply together every whole number from n down to 1.

Q10. Work out each factorial.
Worked solution.

6!
Worked example: simplify 1

Both factorials are written out in full. Every whole number from 4 downwards appears on the top and
on the bottom, so all of those factors cancel.

6!_6><5><4><3><2><I_6><5_

4T AxEIxZxl 1 025=30

Q11. Simplify each expression by writing the factorials out in full and cancelling.

Worked solution. The factorials are not worked out first. Every factor that appears on the top
and on the bottom is crossed out, and what is left is multiplied.

(a) Every whole number from 3 downwards appears on the top and on the bottom, so all of those
factors cancel and the denominator is 1.
|
i:5x4x3x2xlz5x4:5x4:20
3! AxZx}K 1

(b) Every whole number from 9 downwards cancels, and only the 10 is left on the top.

10!_10><9><8><7><6><5><4><3><2><1_10
9 IxExTxBxFxAdx3IxIx)l 1

(c¢) Every whole number from 6 downwards cancels, leaving the 8 and the 7 on the top.

8 88X TxPxBFx4AdxgxZx) 8xT7T
6] BxBxAx3xZxI 1 =X T=5

(d) The denominator is 5! x 2!. The 5! cancels with the whole numbers from 5 downwards on the

=10

top, but the 2! is a separate factorial and stays on the bottom.

T TX6XBEXAXIxEIx]E _7><6_42_21
5Ix2l BxAdx3xZxl)x(2x1) 2x1 2

(e) Every whole number from 98 downwards appears on the top and on the bottom, so all of those
factors cancel, and only the 100 and the 99 are left on the top. There are too many factors to
write out, so the three dots stand for the whole numbers in between.

100!_1()0><99><%><,97/><---><I_100><99
o8 XY x - x 1 a 1
10

= 9900



(f) The 10! cancels with the whole numbers from 10 downwards on the top, and the 2! stays on the
bottom, as in part (d).
12! 12><11><,1/ff><---><1_12><11_132

02 x - xDx@x1) 2x1 2 00

n!

(n —'1)!

Model answer. We write both factorials out in full. The numerator is n! = nx(n—1)x(n—2)x---x1

Q12. Explain why always simplifies to n.

and the denominator is (n — 1)! = (n — 1) X (n — 2) x --- x 1. Every factor of the denominator
also appears in the numerator, so every one of those factors cancels. The only factor left on the
top is n, and every factor on the bottom has cancelled, so the denominator is 1. A fraction with a
denominator of 1 is equal to its numerator, so the answer is n.

n! axm—1xn—2]x---x}I
(n-1! 1) x (=2 x - x [

n_
1

Also accepted. An answer that uses n! = n x (n—1)! and then cancels the factor (n —1)! is correct,
n! n X ' n
because it gives = ) = — = n. An answer that checks the result with numbers,
(n—1)! (n—1T 1
! 10!
for example 0= 5 and o= 10, supports the explanation but is not an explanation on its own.

11



Q13. Powers of negative numbers.

(a)

Worked solution. The brackets show that the whole negative number is multiplied by itself,
so every factor in the multiplication is negative.

Expression | Written out in full Answer

2) x (=2 4

2 2

X

x (—2) -8

X

3 3 9

X

) (=2) x (=2)
) (=2) x (=2) x (=2
—2)t | (=2)x (=2) x (-2) x (=2) | 16
) (=3) x (=3)
) (=3) x (=3) x (=3

3) x (—3) x (—3) —27

Each multiplication is worked out two factors at a time. For (—2)* we have (—2) x (—2) = 4, then
4x (—2) = —8, then —8 x (—2) = 16. For (—3)® we have (—3) x (—3) =9, then 9 x (—3) = —27.

Model answer. When the index is even the answer is positive, and when the index is odd the

answer is negative.

Also accepted. An answer that states the same pattern using the entries in the table, for
example that (—2)?, (—2)* and (—3)? are positive while (—2)3 and (—3)? are negative, is correct.

Model answer. A negative number multiplied by a negative number gives a positive answer,
so the negative signs pair up. When the index is even every negative sign has a partner, no
negative sign is left over, and the answer is positive. When the index is odd one negative sign
is left over after the pairs have been made, and that sign makes the answer negative.

Also accepted. An answer that shows the pairing on an example, for example (—2) =
((=2) x(=2)) x ((=2) x (=2)) =4 x4 =16 and (—2)* = ((—2) x (=2)) x (—=2) =4 x (—2) = =8,

1S correct.

Common mistake: deciding the sign without counting

Writing (—2)* = —16 or (—3)? = —9 is a common error. The sign of a power of a negative
number is found by pairing the minus signs, not by guessing. A pair of minus signs multiplies to
give a plus, so the sign depends only on whether a minus sign is left over. The brackets matter:
(=3)2 = (=3) x (=3) =9, but =32 = —(3 x 3) = —9, because without brackets the index belongs
to the 3 only.

(—2)2 one pair, nothing left over — positive: 4

(—2)3 @ one left over — negative: —8
(—2)4 @@@ ] two pairs, nothing left over — positive: 16

12



Q14. Roots of negative numbers.

(a)

Worked solution.
3x3=9  and (—=3)x (=3)=9

The two numbers that give 9 when they are multiplied by themselves are 3 and —3. The symbol
v/ means the positive square root only, so v/9 = 3.

Model answer. The calculator shows an error message, such as “Math ERROR”. No number
multiplied by itself gives a negative answer, because a positive number multiplied by a positive
number is positive, and a negative number multiplied by a negative number is also positive.
There is therefore no number whose square is —9, and the calculator cannot give an answer.

Also accepted. An answer that names the exact message the calculator shows, or that says
the calculator gives no answer, is correct as long as it gives the reason that a number multiplied
by itself is never negative.

Worked solution.
(—=2) X (=2) x (=2) =4 x (=2) = -8

The cube root of —8 is the number that gives —8 when three of them are multiplied together,
so v/—8 = —2.

Model answer. Sam is not right. A negative number has no square root, because the index
2 is even and an even index always gives a positive answer, which is what part (b) shows. A
negative number does have a cube root, because the index 3 is odd and an odd index can give
a negative answer, which is what part (c) shows. A root of a negative number can therefore be
found when the root is an odd one, such as the cube root, but not when the root is an even one,
such as the square root.

Also accepted. An answer that says Sam is right about square roots only, and supports this
with the two examples v/—9 having no answer and y/—8 = —2, is correct.

13



Q15. The tesseract.

(a)

Worked solution. Each new dimension is made by sliding the shape, and every corner of the
old shape is copied to a new position, so the number of corners doubles each time. On the
picture of the cube there are 4 corners on the front square and 4 on the back square, which is 8
corners. On the picture of the tesseract there are 8 corners on the large cube and 8 corners on
the small cube, which is 16 corners.

Shape point line square cube tesseract
Dimensions 0 1 2 3 4
Corners 1 2 4 8 16

Worked solution. Each number of corners is written as a power of 2, because the number of
corners doubles with each new dimension.

Square: 4 =2 x 2 = 22 Cube: 8 =2 x2x2=2 Tesseract: 16 =2x2x 2 x 2 =24

The index is the number of dimensions of the shape.

Worked solution. The number of corners doubles with each new dimension, and the index is
the number of dimensions, so the five-dimensional shape has

25 =2%x2x2x2x2=232 corners.

Worked solution. We keep doubling from 2 until we reach 1024, and count how many 2s have
been multiplied together.

2, 4, 8, 16, 32, 64, 128, 256, 512, 1024

There are ten numbers in the list, so 1024 = 2'°, and the shape with 1024 corners has 10
dimensions.

Worked solution.
3'=3%x3x3x3=81cm?

Worked solution. The fourth root of 16 is the number that gives 16 when four of them are
multiplied together.

2x2x2x2=16, so  V16=2cm

Model answer. Working the multiplication out two factors at a time gives (—2) x (—2) = 4,
then 4 x (—2) = —8, then —8 x (—2) = 16, so (—2)* = 16 as well. The index 4 is even, so
the negative signs pair up and none is left over. The edge of the tesseract must still be 2 cm,
because the edge is a length, and a length cannot be negative.

Also accepted. An answer that shows the pairing as (—2)* = ((—=2) x (=2)) x ((—=2) x (=2)) =
4 x 4 = 16 is correct, and so is an answer that says +/ means the positive fourth root, in the
same way that 4/ means the positive square root.
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Worked solution. The fourth root of 81 is the number that gives 81 when four of them are
multiplied together.
3x3x3x3=28l, S0 V81 =3 cm

This is the calculation in part (e) done the other way round.

Model answer. The square has 4 edges and 4 = 2 x 2!, and the tesseract has 32 edges and
32 = 4 x 23, Written this way the three shapes give

Square: 4 =2 x 2! Cube: 12 = 3 x 22 Tesseract: 32 =4 x 23

The number in front is the number of dimensions, and the index is one less than the number of
dimensions. The five-dimensional shape therefore has 5 x 2* = 5 x 16 = 80 edges.

Also accepted. An answer that states the rule for a shape of n dimensions as n x 2"7! is
correct. An answer that reaches 80 by noticing that the number in front goes up by 1 and the
power of 2 doubles each time, so that the edges go 4, 12, 32, 80, is also correct.

Worked solution. The number of corners is 2 to the power of the number of dimensions, so
the six-dimensional shape has

20 =92%x2x%x2x%x2x2x2=064 corners.

The number of edges is the number of dimensions multiplied by 2 to the power of one less than
the number of dimensions, so it has

6 x 2° = 6 x 32 = 192 edges.
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