Indices and Roots

An index tells us how many times a number is multiplied by itself. So 5% means 5 x 5 x 5. The

plural of index is indices. A root undoes an index.

Part 1: Indices and roots of numbers

3% is read “three squared”. 23 is read “two cubed”.

3
The square root of a number is the value that gives 2 s
that number when it (the square root) is multiplied by 3 9

itself, so v/9 = 3. The cube root of a number is the
value that gives that number when three of them are
multiplied together, so v/8 = 2.

32=3x3=9 22=2x2x2=38

Notation: indices and roots

a“=a X a “a squared” for example 72 =7 x 7 =49
@ =axaxa “a cubed” for example 23 =2x2x2=28
\/E the square root of a for example /49 =7

\3/5 the cube root of a for example /8 = 2

An index multiplies the base by itself, and a root finds the base again.

Q1. Work out each calculation on the left and draw a line joining it to its answer on the right. Check
your answers on a calculator afterwards.

1. 52 0.5 A

2. v/ 100 8 B

3 23 2 C
4 0.22 25 D
5. [ V0.25 ‘ , 1000 ‘ E
6. , 103 ‘ , 0.04 ‘ F
7. [ NS ‘ , 2.25 ‘ G

8. 1.52 10 H




Q2. The shapes are not drawn to scale.

(a) A square patio has sides of length 6 m. Work out its area.

6 m Area =62 =6 x 6 = m?

6 m

(b) A second square patio has an area of 144 m%. Work out the length of one of its sides.

?

(c) A storage box is a cube with edges of length 4 cm. Work out its volume.

Volume = 43 = cm?

4 cm

4 cm

4 cm

(d) A second storage box is a cube with a volume of 125 cm?®. Work out the length of one of
its edges.

| Edge = cm

?

Volume = 125 cm?

(e) A square floor tile has an area of 0.25 m?. Work out the length of one of its sides.

0.25 m? Side = /0.25 = m

?

(f) A square garden has an area of 50 m?. Without a calculator, find the two whole numbers
that the length of one side lies between. Explain how you know.

9 The side is between m and m, because
50 m




Part 2: Indices and algebraic variables

An algebraic variable, such as a,  or m, could be any number. Just like 5> = 5 x 5 x 5, a® means

axXaXa.

In 5a® the index belongs to the a only, so 5a®> = 5 X a x a. It is not 5a x 5a. If a = 2 then
5a2 =5 x 2 x 2 =20, but 5a x 5a = 10 x 10 = 100.

Worked example: writing a fraction in index form

axXaXa

Write —————— in index form.

bxb
Step 1 — count the numerator. a appears 3 times, so the numerator is a?.
Step 2 — count the denominator. b appears 2 times, so the denominator is b%.

3

axaxa a
Step 3 — write the fraction. —_— =
= bxb B2

Q3. Write each expression in index form. Fill in the gaps in parts (a) and (b), then simplify the

remaining expressions in the same way.
(a) axaxaxa=a

cXcXce C

(b) dxd 4

(C)bxbxbxbxb (e) PXDPpXDp (g)CLXCLXbXbXb
qXxXgXxqgXxyq cXc
(d) 3xmxm (f)zx:cxazxz (h) txt
Y Xy DX UXUXU

Q4. Write each expression out in full as a multiplication. The first one is done for you.

(a) =z xa Xz




Part 3: Cancelling factors in a fraction

A fraction stays the same value when the numerator and the denominator are both divided by the

same number. Since the new fraction is equivalent to the original.

When the numerator and the denominator are written as multiplications, a factor that appears
in both can be divided out of both. This is called cancelling, and it is written by crossing the
factor out on the top and on the bottom.

12
Worked example: simplify 18

12 2x2x3
Step 1 — write the numerator and the denominator as multiplications. — = LxXLx9
18 2x3x3
12 Zx2x3
Step 2 — t h factor that in both. i
ep cross out each factor that appears in bo 8= Zx3x3

. . 12 2

Step 3 — multiply what is left on the top and on the bottom. =3

Q5. Simplify each fraction by cancelling. Fill in the gaps in parts (a) and (b), then do parts (¢) to
(f) in the same way.

8 _2><2><2_2><2><2_

(a) 12 2x2x3 ZxZx3

15 5x3
b) == = =
(b) o —

18 14 45 24
(c) By (d) 21 (e) 60 (f) 36

(g) 12 of the 28 pupils in a class walk to school. The picture shows the class, with the pupils
who walk shaded. Write the fraction of the class who walk to school in its simplest form.

0000000 .
OO0OO0OO0O0O0OO0 Fraction who walk = — =
0000000 23
0000000

(h) A cake mixture weighs 120 g, and 45 g of it is sugar. Write the fraction of the mixture
that is sugar in its simplest form.



Algebraic variables cancel in the same way as numbers. When every factor on the bottom cancels,

the denominator is 1, not nothing, a fraction with a denominator of 1 is equal to its numerator.

Worked example: cancelling with numbers and variables

axaxa Xdxa a
= fxd =—-=uq every factor on the bottom cancels, leaving 1
axa d X d 1

2x3xaxa Zx3xdxa 3xa

% a = T4 =— = 3a  the numbers and the variables are cancelled separately

J

Q6. Simplify each fraction by cancelling, then write the answer in index form. Fill in the gaps in

part (a) first.

<>a><a><a><a axXaXxaXa axa
a —_= = = Qa
axa a X 1

bxbxbxbxb_
bxb N

2X2XmXxXm

() =

2Xm

(b)

IXDOXpXpXp

(d) 5 p

TXT XY

(e)

TXYXy

2x3xtxt_
3x3xt

(f)

dxxXxeXxXy

(2)

6XxXyxXy

5x5xaxbxb_
S5xaxaxb

(h)

axa
(i) Lena simplifies ————— and writes a. Explain the mistake Lena has made, and write

axaXa
down the correct answer.




Part 4: Simplifying fractions written with indices

A fraction written with indices is simplified in the same way. We write each power out in full as a

multiplication, cancel the factors that appear on the top and on the bottom, and write what is left

in index form.

Worked example: simplifying fractions written with indices

5

2 = ixgxaxaxa =0 two of the five as cancel, leaving three
a? dxd

6a’ 3

izzx ><¢£><a><a:3a2 6 =2 x 3, so a factor of 2 cancels as well
2a Zxd

Q7. Simplify each fraction on the left. Draw a line joining it to its answer on the right.

5 s
a 2
b 2 )
2
a 4
2 @ a
1
3 ba” 2
2a2
3
a’b
4 p ad
ab
5. da* @
8a 2
213
6 a’b” 1
a?b
10a® )
7 5a3 ¢
6
a 2
8 ] 3a

A




Q8. (a) Write down three different fractions that simplify to 2a%. One of them must have a number

other than 1 in the denominator.

(b) Write down a fraction (not equal to %) using the variables a and b that simplifies to %

(c) Write down a fraction using the variables x, y and z that simplifies to ﬁ

(d) Ben says that % = 0, because every factor on the top and on the bottom cancels and

Q9. In this question we find a quicker way to simplify a fraction such as —

nothing is left. Explain the mistake Ben has made, and write down the correct answer.

a’

a3’

(a) Simplify each fraction by writing it out in full and cancelling. Give each answer in index

form.
a7 bo 6
a3 bt cd

Look at the indices in each fraction and in its answer. Describe a quicker way to find the
answer without writing the powers out in full.

Use your quicker way to simplify these fractions.

1.20 yIOO

713 Yo

a? a’

Use your quicker way on —. Cancelling shows that — = 1. What does this suggest a’ is
a a

equal to?



Part 5: Extension: factorials, negative numbers and the fourth dimension

The factorial of a whole number is written with an exclamation mark after it. The expression n!
means multiply together every whole number from n down to 1, s0 5! =5 x4 x 3 x 2 x 1 = 120.

100=10Xx9x8X7Tx6x5x4x3x2x1=23628800.

Q10. Work out each factorial.
(a) 3! = (b) 4! = (c) 6! = (d) 1=

6!
Worked example: simplify 2

Both factorials are written out in full. Every whole number from 4 downwards appears on the top and
on the bottom, so all of those factors cancel.

6! 6x5xAxIxZx]

- I I xIx1 =6x5=230

Q11. Simplify each expression by writing the factorials out in full and cancelling. Do not work the
factorials out first.

5! 8! 100!
(@) 3 © & ©) g1
10! 7! 12!
- - £y — =
(b) 9! (d) 5l x 2! () 10! x 2!
n!

Q12. For any whole number n that is greater than 1, the expression ' always simplifies to n.

(n—1)

Explain why.




Q13. When the base is negative, the brackets show that the whole negative number is multiplied by
itself, so (—2)% = (=2) x (=2) x (=2).

(a) Complete the table.

Expression Written out in full Answer

(b) Write down what you notice about the sign of the answer when the index is even, and
when the index is odd.

(c¢) Explain why this happens.

Q14. (a) Work out 3 x 3 and (—3) x (—3). Write down both of the numbers that give 9 when they
are multiplied by themselves.

and

The symbol \/~ means the positive square root only, so v/9 = 3.

(b) Work out v/—9 on your calculator. Write down what the calculator shows, and explain
why.

(¢) Work out (—2) x (—2) x (—2). Use your answer to write down v/—8.

SO /-8 =

(d) Sam says that a root of a negative number can never be found. Use your answers to parts

(b) and (c) to say whether Sam is right, and explain your answer.




Q15. A square is the two-dimensional shape made by sliding a line at right angles to itself, a cube is
the three-dimensional shape made by sliding a square at right angles to itself. A tesseract is
the shape made by sliding a cube at right angles to itself, in the fourth direction. There is no
fourth direction in the space we live in, so a tesseract cannot be built, but it can still be drawn
and its measurements can still be worked out.

Below is a drawing of tesseract, or the best we can do in three dimensions. The blue and orange
corners would in fact all be the outside of the tesseract, and the fourth lines connecting the
inner and outer cubes would form right angles to the remaining lines (we don’t have enough
dimensions to imagine this!)

(a) Complete the table. Count the corners on each picture.

Shape point line square cube tesseract
Picture . —

Dimensions 0 1 2 3 4
Corners 1 2 4

(b) Write the number of corners of the square, the cube and the tesseract as a power of 2.

Square: Cube: Tesseract:

(c) The shape after the tesseract has five dimensions. Use the pattern in the table to write

the number of corners it has as a power of 2, and then work it out.

Corners = —

(d) One of the shapes in this pattern has 1024 corners. How many dimensions does it have?

Show how you know.




(e)

A cube with edges of length 3 cm has a volume of 3% = 27 em?®. A tesseract with edges of
length 3 cm has a hypervolume of 3* cm®*. Work out 3%,

34 = cm?

A tesseract has a hypervolume of 16 cm*. The length of one of its edges is the fourth

root of 16, written v/16. Work out v/16 by finding the number that gives 16 when four of
them are multiplied together.

V16 = cm

Show that (—2)% = 16 as well. Explain why the edge of the tesseract must still be 2 cm.

A second tesseract has a hypervolume of 81 cm*. Work out the length of one of its edges.

V81 = cm

A square has 4 edges, a cube has 12 edges and a tesseract has 32 edges. The 12 edges of
a cube can be written as 3 x 22. Write the edges of a square and the edges of a tesseract
in the same way, as a number multiplied by a power of 2. Then use the pattern to predict
how many edges the five-dimensional shape has.

Square: 4 = Cube: 12 = 3 x 22 Tesseract: 32 =

Use both patterns to find the number of corners and the number of edges of the six-
dimensional shape.

Corners = Edges =




Answers

Q1. 1-D (25)
5-A (0.5) 6-E (1000)
Q2. (a) 6 x 6 = 36 m?
4x4x4=64cm® (d) VI25 = (e)
V025 =0.5m (f) Between 7 m and 8 m, because
7% = 49 and 82 = 64, and 50 is between 49 and 64.

2-H (10) 3B (8) 4F (0.04)
7-C(2) 8G (2.25)
(b) V144 = 12 m  (c)

5 cm

3 3
Q3. (a) a* (b) 2 (9 v (d) 3m*  (e) 27
213 a?b3 {2
05 0 0
Q4. (b) yxyxyxyxy (c)4dxtxt (d)%
axaxaxa
O =
2 5x3 3 3 2 3
Q5-2(a) 3 12(b) 53>< 5= 545 (0)34 (d) 3 (e) 1
(f)g (g)%—? ()1720_§
Q6. () 0> (B)F () 2m (D3 () ()
% (g) :2;; (h) %b (i) Two as cancel from the

top and the bottom, which leaves 1 on the top and
one a on the bottom. Lena has put the a that is left

on the top. The answer is —.
a

Q7. 1D (a®) 2-F (1)
5E (%) 6-A () 7-C(2)

3-H (3a?)
8B (a?)

4-G (a?)

2a3
Q8. (a) There are many answers, for example —,
a
4a3 d 6a°
— and —.
2a 3a3
ad a’b
or —.

s ; 72 x(zc) There are many answers,
for example —— or ———.  (d) Cancelling divides
Y’z Y’z

the top and the bottom by the same factor, and a
number divided by itself is 1, not 0. What is left on
the top is 1 and what is left on the bottom is 1, so
3a2 1

—=-=1

a2 1

Q9. (a) a*, b5, ¢ (b) Subtract the index on

the bottom from the index on the top, and keep the
3

(d) % = a3 =a and

(b) There are many answers, for

example

(c) 2", y

cancelling gives 1, so a’ =

same base.

Q10. (a) 6 (b)24 (c) 720 (d)1

Q11. (a) 5x4=20 (b)10 (c)8x7=56 (d)
7x6 12 x 11

T =2l (e)100x99=9900  (f) - = 66
Ql12. nl =nxn—-1)x(n—-2)x---x1 and

(n—1!'=(n—-1)x(n—2)x---x 1. Every factor of
(n—1)! also appears in n!, so all of them cancel. The
only factor left on the top is n, and the bottom is 1.
Q13. (a) (-2)° = =8 (-2)" = (-2) x (=2) x
(<2) x (~2) = 16 (=3) = (~3) x (=3) = 9

(=3)3 = (=3) x (=3) x (=3) = =27.  (b) An even
index gives a positive answer and an odd index gives a
negative answer.  (c) Two negative numbers multi-
plied together give a positive answer, so the negative
signs pair up. An even index leaves no negative sign
over, and an odd index leaves one negative sign over.
Q14. (a) 3 x3 =09 and (—3) x
numbers are 3 and —3.

(—3) =9, so the two
(b) The calculator shows an
error. No number multiplied by itself gives a negative
answer, because a positive multiplied by a positive is
positive, and a negative multiplied by a negative is
(¢) (=2) x (=2) x (—=2) = =8, so

(d) Sam is not right. A negative num-

also positive.
V-8 = 2.

ber has no square root, because an even index always
gives a positive answer, but it does have a cube root,

because an odd index can give a negative answer.

Q15. (a) The cube has 8 corners and the tesseract
(b) Square: 4 = 22; cube: 8 = 23;
tesseract: 16 = 2%. The index is the number of di-
(c) 2° = 32 corners  (d) 1024 = 2'0 5o
it has 10 dimensions.  (e) 3* =3 x 3 x 3 x 3 = 81
em*  (f) V16 = 2 cm, because 2 x 2 x 2 x 2 = 16.
(g) (—2) x (=2) x (=2) x (—=2) = 16, because the in-
dex is even. The edge must still be 2 cm, because a
length cannot be negative.  (h) v/81 = 3 cm, be-
cause 3 X 3 x 3 x 3 =81. (i) Square: 4 =2 x 2!;
tesseract: 32 = 4 x 23. The number in front is the

has 16 corners.

mensions.

number of dimensions and the index is one less than
it, so the five-dimensional shape has 5x2* = 80 edges.
(j) Corners = 26 = 64; edges = 6 x 25 = 192.



