Recurring Decimals into Fractions
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Every recurring decimal — however long and however complicated — can be written as a fraction.

Follow the examples in this sheet to learn how to convert recurring decimals to fractions.

Part 1: Reading and writing recurring decimals
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When you divide one whole number by another, the digits after the point either stop, or fall into a

block that repeats forever. Repeating blocks are marked with a dot over the first digit and a dot
over the last digit.

the block that repeats
———

0-27272727 -+ so0wewrite it 0.27

195 —0.16 = 0.1666666 . .. s3] 0.409 = 0.4004004 . .. «0.97 = 0.2727272... 0.6 = 0.6666666 ... 5
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So 0.6 = 0.6666666..., 0.27 = 0.2727272..., 0.409 = 0.4094094 ... and 0.16 = 0.1666666 ... —

notice that in the last one only the 6 carries a dot, so only the 6 repeats. The 1 only is found in the

tenths column, and never comes back.
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Write out the first eight decimal places of each number.
(a) 0.5=0. (c) 0.37 =0. (e) 0.451 = 0.

(b) 0.i8 = 0. (d) 0.206 = 0. (f) 0.9=0.
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Write each of these using dot notation.



(a) 0.8888... = (c) 0.24444 . = (e) 0.91666... =

(b) 0.636363. .. = (d) 0.157157... = (f) 0.40505... =

Q3. (a) <L)l ‘u;ﬂfdi&t.tsx,/u&! f,/ui»é LMU:L/M&)AS L0.45 ‘LL’},C):/
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Which is bigger, 0.45 or 0.45? Write both out to six decimal places to help you decide,

and explain your answer.

(b) ’ﬂulg‘/)LO.ZLA’O.3ﬁfﬁ5/u”d/'jvg

Write down a recurring decimal that lies between 0.3 and 0.4.




Part 2: Finding fractions from recurring decimals
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The trick is to find two numbers whose recurring tails are exactly the same, and then subtract one

from the other. The tails cancel, and what is left has no decimals in it at all.
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To do this we have to use an algebraic variable, which we will call z. z stands for the recurring

decimal we are trying to convert to a fraction.

Worked example: turn 0.4 into a

z=0.4444. .. ;wzﬁx =04 (‘u/a’/wf x— 4 by,
Step 1 — introduce = We write z = 0.4, so z = 0.4444 . . .

:?blqu//h)/uﬂ:rf&/vg/HﬁLé’T)g/ﬁLlo—ufg/'uj/ﬁdaf*rﬁ’/’»

(102 = 10 x ;z;u:’//)l;) 10z = 4.4444 . ..
Step 2 — shift the place values. Multiplying by 10 moves every digit one place to the left:

10z = 4.4444 ... (remember 10z = 10 X z).

A0z — wz,b - o)/,,d.'/d"/‘;g}' ‘_ﬂ ‘wubgf) U’;” —-u:/aﬁ—rﬁ'/g

Step 3 — subtract. The two tails are identical, so they cancel out when we subtract: 10z — x.
10z = 4 44444 the shaded tails are the same digits in the same
T = 0-44444--- columns, so they subtract to nothing
9z = 4-00000---

-9z :44,%/&/ g&‘l()m—x :4]

So 10z — z = 4, which means 9z = 4.
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Step 4 — solve. We have 9 lots of x, so we divide both sides by 9:

< _ 4>
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Fill in the gaps to turn 0.7 into a fraction.

T = ;‘wZaT:()?fu:/J/U*‘T—(ﬁM

Step 1 — introduce = We write z = 0.7, so © =

:cL,L“qu/J/’qu'(Gfvg’,«,C«zﬁc;ﬁr)g/c;10-ufg/d/ﬁdl3/—rﬁ'/»
(102 =10 x 37‘_/:3//)(:) 10z =

Step 2 — shift the place values. Multiplying by 10 moves every digit one place to the left:

10z = (remember 10z = 10 x ).

A0z — o wé“'lp ) /,.Z—/J"/é"' J’ ‘WS V{(} U};)J -u;/[jf?r—(ﬁ '/.‘?

Step 3 — subtract. The two tails are identical, so they cancel out when we subtract: 10z — .

102 = - the shaded tails are the same digits in the same
Tr = 0 - columns, so they subtract to nothing
9r = —
=JT = s/lh/ g *10xr —x = J
9z e U el0z — 4y
So 10z —z = , which means 92z =

L/%LJ/J’/HU};»(“#J' ‘wﬁixu’gg/w’uj‘/f—fﬁlgﬁ
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Step 4 — solve. We have lots of x, so we divide both sides by . Set your working
out like the worked example.
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Turn 0.8 into a fraction, using the same four steps.

u/J/WLI;—rﬁM

Step 1 — introduce x

~U e B S

Step 2 — shift the place values.

10z — z: pdb 2L /a,/‘j/g', gty lz{p U -‘l/ﬁyf— 2

Step 3 — subtract. The two tails are identical, so they cancel out when we subtract:
10z — .
10z = - the shaded tails are the same digits in the same
T = 0 - columns, so they subtract to nothing
9z = —

XY

=9z = CL‘,../M/ gf‘l()x—x:

So 10x —x = , which means 92z =

S e SO i i

Step 4 — solve. Divide both sides by .
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Turn each of these into a fraction in its simplest form. Write out all four steps each time.

(a) 0.2 (b) 0.5 (c) 0.6 (d) 0.3



Part 3: Longer repeating blocks
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Try 0.36 the same way and the tails do not cancel. Multiplying by 10 shifts the place values by one,
which puts the two digits of the block the wrong way round. A block of two digits has to be shifted

by two place values, so we multiply by 100 instead.

10z = 3-6363 - 100z = 36 - 3636
tails differ — nothing cancels tails match — these cancel

Worked example: turn 0.36 into a

x = 0.363636. .. 9« = 0.36 u/_)/l;fx—(ﬁuf,

7
e byraa 20/ 1000 — 36.363636 ... ~U B S
99z = 36 ¥ 100z — x = 36 _u"/[jﬁ—(ﬁﬂ/:"

36 4 NG
:1;—99—11—u:/J’—f»W}Z.

Step 1 — introduce x =0.36, so x = 0.363636. ...

Step 2 — shift the place values. 100z = 36.363636. .. the block is 2 digits long
Step 3 — subtract. 100z —z = 36 so 99z = 36

Step 4 — solve. B = % =1

Qr. ~L L1 w/fm/w/w@u

Fill in the gaps to turn 0.72 into a fraction.

x=0.727272. .. U;/J/um—(wg,

Step 1 — introduce x x=0.727272 ...
7

T = !‘gguf,cﬁo}/—ujg/w/ﬁdlﬁf—fﬁ'/u

Step 2 — shift the place values. The block is digits long, so T =




v = Sl

Step 3 — subtract. x

T = ’u;/dp—fﬁlg}?,
Tr =

Step 4 — solve.

7
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Turn these into fractions in their simplest form. Part (e) has a block of three digits, so think
about what to multiply by.

(a) 0.15 (b) 0.06 (c) 0.54 (d) 0.90 (e) 0.108
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Explain, in your own words, how you decide what to multiply = by.

(b) 540/.4, L“/J‘"la o5 8 a‘,L“/J:»;“w i w—c‘,ﬁ/‘_}’lp 2 sl 4,&/‘_)%{012 M
fe
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Kayla converts 0.12 and gets %. Ben converts the same number and gets %. Who is right?

Part 4: When the repeating part does not start straight away
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0.16 is harder, because the 1 is in the tenths column and does not repeat. Multiplying by 10 gives a

number whose tail is all sixes, but that tail does not match the tail of x itself. Instead we shift the

place values twice, and subtract the two results from each other.

the tail of x starts with a 1, so it will

T = 0-16666---
10z = 1-66666--:
100z = 16 - 66666

never match

these two match, so subtract these two



Worked example: turn 0.16 into a

Step 1 — introduce x

Step 2 — shift the place values.

Step 3 — subtract.

Step 4 — solve.

x=0.16666...9 = 0.16 u:/J/U":I;—rﬁUvgi,

U6 LT 1100 — 16666, -~ B SBe— 8] s

90z = 155100z — 10z = 16 — 1 = 15 _d/‘jﬁ—(ﬁi/:“

z =0.16, so z = 0.16666 . . .

10z = 1.6666 . . .

100z = 16.6666 . . .

100z — 10z = 16 — 1 = 15
151

T —

T 90 6

e L1002 = 16.6666 ...

w:§:1-w/‘.}’—fﬁb’)§

9 6

shift past the 1
shift one more place

so 90z = 15

J
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Fill in the gaps to turn 0.27 into a fraction.

x = 027777 ..
Step 1 — introduce
102 =

100z =

Shift one more place:

100z — 10z =

J/J/U’f‘x(ﬁﬂ;ﬁ.
x = 0.27777. ..

7
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Step 2 — shift the place values. Shift past the 2:

Step 3 — subtract.

90z =

SO

Tr =

Step 4 — solve.

10x =

U.fg/ rG«‘ sl VQ
100z =

SO

100z — 10z =

\e_y

90z =

._u;/d’—fﬁlg}%
T =
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Turn these into fractions in their simplest form. In (d) the repeating block is two digits long,

so think carefully about which two multiples of & you need.

(a) 0.43 (b) 0.583 (c) 0.083 (d) 0.124
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The same four steps work when the number is bigger than 1. Turn these into improper fractions

in their simplest form.

(a) 2.7 (b) 1.45 (c) 3.18

Q13. ‘wﬁ’l”/‘:"’?‘ﬁ‘?%’?/Lﬂgﬁfw/w”; —Cf"bﬁg

Mixed practice. Decide for yourself what to multiply by each time. Simplify every answer.
(a) 0.8 (c) 0.25 (e) 0.72 (g) 0.416

(b) 0.63 (d) 0.027 (f) 0.12 (h) 0.064



Part 5: Challenges
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The value of 0.9. Use the four steps from Part 2 on z = 0.9. What fraction do you get?

()

7
(b)/é‘o.9/gwfd}§r"-q, ff%c,1§,ﬁw0.9999...-;Tlgtnwz":g,@/u:i
/,!‘gzo.sfgui_;ié’w S —e Mgl sl 0.999 A00.99
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Ella says: “That has to be wrong. 0.9999... is obviously a bit less than 1.” The number

line below marks 0.9, then 0.99, then 0.999, and so on. Use it, together with the fact that
% = 0.3, to write a reply to Ella.

each step along the line closes half of the gap that is left

| | | | [ nl
T T T T T Hl
0.9 0.99 0.999 0.9999 1

\J

(c) -uftfin eﬁa1ﬂ+uuﬁﬁ e e
What is the largest number that is smaller than 17 Explain.
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Which fractions recur? Some fractions give decimals that stop — these are called terminating

decimals — and some give decimals that recur forever.

(a) —uf@o//b/.,uﬂ)Lﬁﬁ—d/fd},«qé—ﬁg'/")@."ff/z}?

Complete the table using short division. Circle the terminating ones.

1_ 1_ 1 1 1 1_
3 =05 3= 1= = 6 — 7
1_ 1_ 1_ 1_ 1_ 1_
8 9 10 — 11 — 12 — 16 —

0 I g L s e L i L S p i
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Write each terminating denominator as a product of its prime factors. What do they all

have in common?

(c) -wz;tqdﬂjfufu,m P g (PRI o;m/,:u.“i(f“
Without dividing, predict whether each of these terminates or recurs, and say how you

know.

(d) el lfu;Q x 550 S (:tqucu}:(,/tfflaé,n s5.31 522 2 u:é/



Why does having only 2s and 5s in the denominator make the decimal stop? Hint: what

1s special about 2 X 52
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1 . .
Sevenths. One seventh has a repeating block of six digits: - = 0.142857.

(a) dﬂf/f;»rg‘g‘g‘ga;ﬂa;/‘jw(.’g/%
—u“/(f‘*‘/,/k Lu!ﬁjt’“ﬂ

3 4

Use short division to work out §7 2% % and g as

recurring decimals.

reading round the wheel

from a different starting

digit gives a different seventh

0 &L Sy e bt f UL T
-u;/dlf:"ffqi

What do you notice? Use the wheel to describe
what happens.

() u;/uib a1 L/Ju‘“t (4, 40285714
e lnl T @) S s e

- L“w{/ RIS
Use the four steps on 0.285714 to turn it back into a

fraction, and check that it agrees with your answer

to part (a).
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Make your own. Invent a recurring decimal that converts to a fraction with denominator 11.
Show that it works.

(a)
(b) ~fa it Al .J,n.ﬁ,/Ju‘“t(mg/wgﬂgzwfjw,,ww%,

Find the recurring decimal that is exactly %, then use the four steps to turn it back into %.

(c) c‘,lg‘g,&/rguz(;ﬁﬁﬁfufb{ugﬁwgi iq,bnz'zi/u'cjtff’dﬂ/éﬁg/
—uj./C)/&Li/W'd/‘}ffciT

Is every recurring decimal equal to a fraction? Explain, in your own words, why the

subtraction always works, whatever recurring decimal you start with.

(d) Lmﬁtj brisg o 29l dﬂ)@/“é Ul e b g 2 = 314159 e l/uv
-q,ux(w w/‘_jflﬂf‘é/'ﬂ L/Ju"l Kl &T’L(C).ﬁ"—ﬁz’z

Ben says: “m = 3.14159... goes on forever, so there must be a recurring decimal that is

exactly equal to 7.7 Use your answer to part (c¢) to explain why Ben is wrong.



Answers

a) 0.55555555  (0)0.18181818  (c)) =1 JIs~
(0.37777777  (d)0.20620620 (€)0.45151515  (f
0.99999999

Ql.  (a) 0.55555555  (b) 0.18181818  (c)
0.37777777  (d) 0.20620620  (e) 0.45151515  (f)
0.99999999

a)0.8 (0)0.63 (c)0.24 (d)o.is7 (e)) -2+

0.405(0.916 (f
(a) 0.8 (b) 0.63 (d) 0.157  (e)
(f) 0.405

Q2. (c) 0.24

0.916

! 40.45 = 0.455555 451 0.45 = 0.454545 (a) -3 Jlr
LA (g E e 5 ey — 17045
ol o) —e 4 hBAS s

0.35 = 0.353535.. ...

Q3. (a) 0.45 = 0.454545 and 0.45 = 0.455555, so
0.45 is bigger — they agree to two decimal places,

but the third digit is 5 against 4.  (b) Many an-
swers, for example 0.35 = 0.353535.. ..

O =7 ;100 —x =7 ;100 =7.7777 . ..

Q4. 10 =77777...; 10x—x=7;, 92 =171,

;100 = 8.8888... ;u=0.8888... -5 s
x:% ;933:8;,1095—30:8
Q5. = =0.8888...; 10z =8.8888..; 10z—z=8,
so 9z = §; xz%
s=3@35 3 (C)S 2 (d-6lr
Q6. ()5 ()§ (§g=3 (@i=3

w«/?amod,w ‘Lguf#205/~ Jl,/

v=122 =2 ;992 =72 ;1002 = 72.727272.
Q7. The block is 2 digits long, so multiply by 100:
100z = 72.727272..; 99z =72; z=32 =3

©3 = )-8 1
37 ((d % = % (e

© =1 (

15 _ 5 6 _ 2
a)g =3 (b)gy =3
by o 2 1000 « N

15 5 6 2
(@) 59 =3 (b) gg=135

Q8.

90 _ 10

— 108 __ 4
99 T 11

(e) g9 = 37, multiplying by 1000

7 / 7
nﬁ—uj"(&/&c u:o)/L’) Z—la j—‘/{) (a) -9 J’f
7
J//l:d/};o}/ﬂ"wju‘//(—/:’n/wi1;‘w
:w{ui» ® -Uk Tu: 24 0sL3s (:/ﬂ P
7

—-ét’fl’d’}”}z e o)V&'Luf—-% = %
Q9. (a) Count the digits in the repeating block. If
there are n of them, multiply by 1 followed by n ze-
ros, so that the block shifts a whole number of times
and the tails line up again. (b) Both are right:

12 4

39 = 33- Ben has simplified his, which is what the

question asks for.

;1002 = 27.7777 ... ;102 = 2.7777 . .. -10Jlr

r=2=2 390z =25 ;100z — 10z =27 —2=25
Q10. 10z = 2.7777...; 100z = 27.7777...;

100z — 10z = 27 — 2 = 25; 90z = 25; E—i

T=190 = 18

39 : 7
g =3 ®=1n (c)goonﬂ—“d'f
I3 S 110000 — 10012 — 2L (@
39 3 2 7 7
Qll. (a) B =18 M) LB =T () & =5
(d) $2 = &, using 1000z — 10z
5157 (a) 2 (b 1447 %(1) (C)-12J’r“
Q12. (a) 2 (b) L =1 (¢) 35 =
a)% (b % :111‘ (c % G 999 — %7) 13J”/
@x=%5 ODg=5 @m=5 &
58 29
900 — 450
Q3. (a) 5 (M) B=T (02 ) & =4+
©H=1% Og=15 ©3n-=n O
58 _ 29
900 450
2192 = 97100 = 9.9999... (a) ~14 I

18109 e cnaf®) —o=2=1
Sty LabTé et r»“/w/ e~
L1 0.9—@27@. é"wku{,}ﬁiluwé
-G LYt FL iyt

bh1=09, V/Li%:c)'}’ Uil k=03
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Q14. (a) 10z =9.9999. . .,
(b) The method is sound, so 0.9 really is 1. Every

step along the number line closes half of what is left,

50933:9andac:%:1.

so the marks get as close to 1 as you like — there is no
room left between 0.9 and 1 for them to be different
Also % = 0.3, and multiplying both sides
by 3 gives 1 =0.9.  (c) There isn’t one. Whatever

number you name below 1, there is always another

numbers.

number between it and 1 — which is exactly why 0.9

has to be 1 rather than sit just below it.

=016, =02,1 =025, =0.3(a)-15 /s

15 =0.1,5 =0.1,5 =0.125,F = 0.142857
S ld s L = 0.0625, 75 = 0,083, = 0.09
ﬂ_24,2><5325$5?22?2(b) %>% %ﬂ%7ﬁ716 Lf‘

L belUpt(© —c b ssalsrol
f/g L*n{};ﬁ tuf[&}le!J3/,i 15=3x5
tn/“"é;35:5 x 7.5,:(‘9%&!/9%;40:23 x5
102 1 s (@) oi— bl e
=10 =2 x5l e m/.,{l 2! L <1000 ¢100

J‘Lt'ﬂ b wﬁm‘w’;fi&)‘fwf/v{!;
u:l;&(‘f{i}‘b)/?"/}’[}}/fﬂ (S5 826/. gu"

Q15. (a) + =03, 1 = 0.25, £ = 0.2, I = 0.16,

1 _ ni L1 1 _ a7 41

r o= 02857, 5 = 0125, 5 = 04, g = 01,
— 0.09, &5 = 0.083, & = 0.0625. The termi-

natmg ones are %,%,%,é,%, 116 (b) 2, 22, 5, 23,

2 x 5, 2% — every one is built out of 2s and 5s only.
(c) 7= recurs, since 15 = 3 x 5 and the 3 is not al-
terminates, since 40 = 23 x 5; g
terminates, since 64 = 26,

lowed; 40 recurs,
since 35 =5 x T; & ) (d)
A terminating decimal is just a fraction over 10, 100,
1000, ...,

ten over a power of ten exactly when its denominator

and 10 = 2 x 5. So a fraction can be rewrit-

is built from 2s and 5s; any other prime factor can

never be cancelled away.

3 — 0.428571,2 = 0.285714 (a) ~16 JIs~

,
0s(b) -5 =0.857142,2 = 0.714285,2 = 0.571428

Upcto Yl 441 5452585571

7 2 .
H&Ku;ﬂ:«zm;/(c) 1@[::4&;/4.6,;«)’;
Ul e s e 1000000 )
2T — 2 i k9999992 = 285714

999999 .
i ) () & 142857

Q16. (a) 2 =0.285714, 2 = 0.428571, 2 = 0.571428,
5 =10.714285, § = 0.857142.  (b) They all use the

same six digits in the same cyclic order, 1 — 4 —

i/}'/)’ @ =

2 -8 — 5 — 7 — 1; each seventh simply starts
(¢) The block
is 6 digits long, so multiply by 1000 000: this gives

285714 _
999999x = 285714, s0 T = F5g999 =
and bottom by 142 857.

at a different place on the wheel.

, dividing top

bh 99z = 27 0.27 I U2 Zi(a) -17 JI s~
7

92 K9}7.o5/gur‘,c«z»fdﬂm:(

:élquhg:o.é%?,(b) —gc%,‘ﬁ;glldg

—x =15 =5 41902 = 7541002 — 102 = 83 —8 = 75
S S L 0 b d el o #7251 - A(©)
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Q17. (a) Many answers. For example 0.27 gives
99x =27, s0x = g—g 131, any two-digit block that is

a multiple of 9 but not of 11 will do.  (b) 2 = 0.83,
and checking: 100z —10x =83 —8 =75, 50 90z = 75
and r = % = %. (¢) Yes. Whatever the decimal,
shifting it by the length of the repeating block always
produces a second number with an identical tail, so
the subtraction always leaves a whole number. That
gives an equation of the form (whole number) xz =
(@)

7 is not a fraction, and part (c) shows that every re-

(whole number), and dividing gives a fraction.

curring decimal is one. So no recurring decimal can
equal 7: its digits go on forever without ever settling

into a repeating block.



